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Abstract

In this report we will understand the basic ideas of conformal field theory. We will first develop
the notion of being conformal invariant. Afterwards we derive the algebra for different dimensions and
will discover the strength of conformal field theories due to the restrictions they impose on the systems.
Towards the end, we quantize the fields and find important features and methods for working with those
theories. Finally we will apply those methods on an example, the free boson formulated on a world sheet.
This report is mainly based on [14], [12], [5] and [10].
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1 Conformal Group

Conformal Field Theory is a theory that is symmetric under the Conformal Group. This means that in a classical
setting the equation of motion stays invariant under a conformal transformation, while in the quantum case, the
fields of this theory carry a projective unitary representation of the Conformal Group. This part has as its goal to
define, inspect and understand what conformal invarance is and means.

1.1 Conformal Mappings

We will define the notion of a conformal map in a more general setting and will later work on a more restrictive
setting.

Definition. Let (M, g1) and (M, g2) be two Pseudo-Riemannian Manifolds of dimension d. We call the two Riemannian
metrics conformal equivalent if

Ju e C*MRY): g1 = ug.

This means, that the two metrics are rescaled at each point p € M. The rescaling can be different for two different
points, but at a fixed point p € M there exists a fixed strictly positive number u such that g(a,b) = ug»(a, b) for
alla,b e T,M

Definition. Let (My, g1) and (My, 2) be two Pseudo-Riemannian Manifolds of dimension d. A diffeomorphism ® €
C®(U € My, V € My) is called a conformal map on U if the pullback of g is conformal equivalent to gy on U.

This means, that we have a local diffeomorphism ® and a smooth function # on U € M such that
S2lap) (dD(a), dD(b)) = u(p) g1lp(a,b) VYpe U, Va, b e T,M.

Definition. We define the Conformal Group of M as the connected component of the set of all conformal transformations
connected to the identity. As a topology we choose the standard compact open topology which is build up out of balls by the
metric.

Lemma. The Conformal Group is a group. We denote it with Con f(My, M)

Proof. Since all the conformal transformations are diffeomorphisms, the inverse exists and is also conformal
with the conformal factor of 1/u. Furthermore, the identity is an obvious conformal map. The composition of
two conformal maps is again a conformal map with the conformal factor u; - u>. This shows that the conformal
transformations form a group. Since we look at a connected subset of these transformations, they again form a
subgroup. Therefore Conf(My, My) is a group. O

Since we are interested in conformal transformation of some space to itself, we declare M; = M,. We
will usually work with either a Minkowski space or an Euclidean space. We denote this by R”7, where we
have the metric 1, = diag(-1,...,+1,...). We will later look at local conformal transformations of these spaces.
This means, that they don’t have to be defined on the whole manifold. We will always keep in mind, which
transformations are globally defined. But since we want a local field theory, we will later drop the condition of
the global domain in the definition of Con f(IRP1).

Example. Let M be a Minkowski space. Therefore we have a global chart on M. In this global chart, denoting the
transformation as ®(x) = x’, we get the condition
Ix'P Jox'’
Npo W W = u(x)'rhnh (1)
Setting the scale factor u(x) = 1 and requiring that the diffeomorphisms are linear, we get the definition of a Lorentz invariant
transformation. This shows that Lorentz transformations are conformal maps.

Example. Let M be an Euclidean space. In such a space we can define an angle by

b
ap= -39 yaperm

V8@, a)g(b,b)
If we now make a conformal transformation each metric picks up the same factor u(x). Therefore the overall factor is 1 and the
angle between both tangent vectors stays invariant. Thats the reason why one can often read the statement that conformal
maps preserve angles. But this notion of an angle only makes sense on a Riemannian manifold. For Pseudo-Riemannian
manifolds there is no definition of an angle because the square root could be ill-defined. Therefore such a statement is not
possible on pseudo Riemannian manifolds like for example the Minkowski space.



1.2 Classification of Conformal Maps in d>2

Aswelater have to find representations of Con f(IRP7), we proceed by firstly studying local infinitesimal coordinate
transformations. A mathematical rigorous approach would be the definition of Killing fields. This introduces a
lot of mathematical overhang to reach the conclusion. Because of this we will use the way we usually approach
such problems in physics and demand that ¢ is "small" and develop a local coordinate transformation up to first
order in this small parameter.

X7 = xP + & (x) + D(?)
If we now use this expansion in eq. (1) we find

ax'® Ix'P g
MuttX) = Nap 5m =5 = (0 = Fue™ + O(e2))(©Oh — dvel + O(E))ap = Guv — Puey + Ivey) + O(e?).

If we want to have an infinitesimal conformal map, we therefore require
duey + dyey = u(X) )

for some strictly positive function u. We actually can determine this function by taking the trace of this equation,
meaning we contract it with n*”.

20y = " (uey + dvey) = u(IN* N = u(x)(p + q) = u(x)d
With this we have a first restriction on the infinitesimal transformation
2
a,ugv + ‘91'5;1 = E(a . S)muh 3

It turns out that this form of the equation is not particularly useful and we therefore modify it by taking derivatives.
We first take the derivative with respect to v.

9"(duey + dvey) = 38“ @-¢) (4)
If we now introduce the notation 9% = 0", and take a further derivative with respect to v we find

0409+ €) + 0*dyey = %aﬂav(a -e). 5)
If we rewrite equation eq. (5) with swapped indices y - v - u we get

9,0u(9 €) + 0%Iyue, = %avap(a -e).
Now we can add those two equations together to find

20,0,0- )+ (20 ) = 30,20+ 0)
Dividing by two and bringing everything to the left side we end up with

(Mud® +(d = 2)2,0,) (9 ) = 0. ©6)

This is a first hint that at d = 2 we encounter something different than in other dimensions. Also d = 1 has a
different form. And indeed, if we look atd = 1 the definition of a conformal map is met by every diffeomorphism
on IR, while in other dimensions we have more restrictions.

A further formula we will use later can be found if we take the derivative of eq. (4) with respect to p and
permute the indices. We end up with the following three equations

Bpues + iy = T3y, (72)
2

a\/apfp + a‘uapgv = Enp.u‘;v(a -€), (7b)

9udvep + 9,0y = %qw&“(a - ). (7¢)

If we now look at (b)+(c)-(a) we find the last equation for this section:

2
zayavsp = E(r]vpay + nppav - quap)(a - €). 8

We now have all the tools to classify the conformal transformations in different dimensions. As mentioned above,
we have seen, that d = 2 needs separate consideration.



1.2.1 Conformal Transformation in d>2

If we take the trace of eq. (6), we find (d — 1)9?(9- €) = 0. This shows that 9 ¢ can be at most linear in x. Therefore,
¢ is at most quadratic in x with a symmetric quadratic term. Motivated by this, we now can make the Ansatz

ey = Ay + by X’ + cppx'xP,

where all parameters are small and ¢,y = Cypv is symmetric. We now use the constraints on the transformation ¢
to find constraints on the parameters. It turns out, that we already know some of the transformations.

o Sinceall constraints contain derivatives, the parameter a is constraint free. It corresponds to the translation
x’ = x+a. We know that this is connected to the momentum generator. Therefore we have a first generator
Py = —id,.

o Inserting our Ansatz up to linear order into eq. (3) we find

2
byy +byy = Etr(b)r]w

In general any operator can be split into a symmetric and an anti symmetric part. We see that the
symmetric part is proportional to 7y, with proportionality constant tr(b)/d. This can be written as
byy = tr(b)/d nyy + my,, where my, is anti symmetric.

- Assuming m,, = 0 we find x'# = x# + tr(b)/d x* = (1 + a)xt. Therefore this corresponds to an
infinitesimal scale transformation. We claim that the generator is given by D = —ix*d,,.
This can be shown by making an expansion exp(iaD)x" = (1 + (ia)(=ix*d,,))x" = x" + axto) =
X+ ax’.

- Assuming @ = 0, we have a standard rotation that we already know from the Poincaré group.
The known corresponding generator is Ly, = i(x,dy — x,dy,).

o Setting the other parameters to zero and only looking at the quadratic term, we use eq. (8) to find
2
20,49y (Cpapx™x’) :E(nWBV@ <€)+ Nupdu(d - €) = Nudp(d - €))
3\ 2 ;
2 (030], + 0300 =2 e (2 ) + 11p 9 (26 ) = 19 (26" )

4
—_ s s Y
Acpuu —E(’htpc av F MopCap = M ap)

If we now define f, = c¢*,,/d we can write the transformation in the following form :

au

K=t et = x oy pxtx?

- " vV Vap v
= A N frX 3P foX 5P = nyp fux 5P

= xt + 204 (f - x) — flaP

We claim that the generator for this transformation is given by K, = —i(2x,x"d, — xz(?!,). That in turn can
be verified by a simple calculation

exp(iftKy)x® = (1 +ift(=i(2xux"dy — 9(28;[)))3&Y =x" - f“éf,xz + fE2x,x"0% = x* +2(f - x)x* — fax?

We call this transformation Special Conformal Transformation and abbreviate it with SCT.

In summary we found four different types of transformations. This is a first classification of the Conformal
Group. The next step is to build the algebra corresponding to these four generators. We hope that we will find
the Poincaré algebra as a subalgebra since the Poincaré transformations are part of the Conformal Group.

Example. We want to get an intuitive understanding for the SCT. For this we need to find a finite form for it, since we
intuitively think in finite terms. We first claim that

xy_fuxz
- 1-2(f - x) + f2x2

i

©
is the finite form. We will proof this at the end of the example. If we now assume eq. (9), we can calculate the norm

i = xH — fhx? = fu P-2fx)+ AP x2

FT1-2f x4 22 1-2f x+ f222  (1-2f-x+f2x22 ~ 1-2f-x+ f2x2




Figure 1: Visualization of the Special Conformal Transformation as the translation of the inverse coordinate.

This means that

X xb = fr? 1—2f‘x+fzx2_ X »
¥ox T 1-2f x+ f222 x2 ==

This gives us an intuitive understanding of the SCT. The finite transformation is an inversion at a circle followed by a
translation followed by a further inversion. Therefore this is a translation of the inverse coordinates.

To show that eq. (9) is the finite version of the SCT we show that it is a conformal transformation that is infinitesimal
given by the SCT. For this we develop x’ in the parameter f.

K= (= )= 2f cx+ fA2) T & (2 = )1+ 2x - f 4303 f2) m b+ 2(f - x)ak — A
To see that the transformation is conformal we calculate the derivative.

‘Z’i: B % + (o = )9, (1 = 2(f - x) + f2x?) 7!
O = fr(02%a +5°05)  9o(1=2(f - %) + f*x?)
1-2(f - x) + f2o? (1 =2(f-2) + f2a2)?
O —2f - x0l + b2x20l — 2ftx, + 4(f - %) flxs — 2f2x% flxg + 2xH f — 2, fHa? = 2f2xtx, + fUX22f2x,

=27 0)+ P
_ 01 -2(f- )+ %)
(=27 0 + P
o

Since the derivative is proportional to 8%, this map is conformal. We further can determine the conformal factor

Ix7 JxP

ox'T ox’V

=(1=2(f-x) + f7)7

u(x) =

In summary we have shown that the SCT can be integrated to equation 9 which can be understood as a translation of the
inverse coordinates.

In summary we found the following conformal transformations:

Transformation Finite Form Generator

Translation X' = xt 4 gt P, =-id,

Dilation X = axt D = —ixtd,

Rotation Xt =M v Lyy = i(xy0y — x,0y)

SCT PR s K, = —i(2x,x"d, — x29,,)
1*2(f~x)+f2x2 H H v H

Figure 2: The conformal transformations with the corresponding generators.



1.2.2 Conformal Algebra in d>2

To build up the algebra, we first calculate all the commutators.

[D,Py] = =000y + 9u(x*00) = 6300 = iPy

[D, Ky | = =i 9u)(=i(@xu 2P 9 — x29,)) = (=i(2x,3F I — ¥20,))(=i(x* D))
= —x“B(Y(Zx#xBQ/;) + x“'aa(xzéy) +2x, X7 9y (x - ) — 12(9‘“(]{ -d)
= =21y X OLxP A — 207, XX g — 201 up + XL 1yex Dy + XX 1059
+ X000y + 2% (x - 9) + 22, XV x99 — X2y, — X2 (x - )y

= —2x,(x - 9) + %9, = —iK,,

[Ki Po] = (i@, (x - 9) = $20,)(=i0,) = (=id)(=i(2x,(x - 9) — ¥23,))
= —2x,(x-9)d, + xZB#QV + 20, (Napx*(x - 9 — 8\,(9(23“)))
= —2x,(x - d)d, + x@,ﬁv + 20y (x - ) + 2x,0, 0
+ 22,2040y — 681apxP Oy — X 1aphdy, — X200,
=2(Nu(x - 9) — x40y + x,9y)
= 2i(me - L“.,)

[Ko, Ly ] = =2, (x - 9) = 220, )49 = %,0)0) = 10y = %,9,)(=i(2, (x - ) = 2%0)))
=22, (x - )0y — 2% (x - D)Xy Dy — X2 (Xu0y) + X2 (Xy0,1)
= x40y (2, (x - 9)) + X9y (¥20p) +v (2%, (x - 9)) — %, 9 (x*3,)
= 2% X, (6500 + X9 0y) = 2xpXe (850, + X,0°9y) = X2 (1puy + Xy
+ xz(r]p,,z?# +X,0p0y) = 2X,(Myp (x - 9) + X, 0,0 + Xp(x - 9)dy)
+ XMey (0537 9y + x°6] 9 + XXV 9y
+ X, (Myp(x - 9) + x,,o‘;;ayx,,(x -0)dy) — XuTye (5?3&’(9‘, + 6zx€8p +x°x79y0,)
= xz(rlm'au = Tpu0y) + 200 Myp = XuTup)(x - 9)
= 2(nupKy = 1K)

[Por L] = (=10,) (00 = %,0)) = (i(xudy = x,0,))(=i0))
= dp(xudv) = 9p(xydy) — (Xu0y9p) + X,0,9,
= 1Nupdp + ¥u0p0y = Npudy — X,0p0y — X,0,9, + X,0,,9,
= Tpudy = Mpv Oy
= i(1puPy = 11pvP)

[K#,Kl,] = —i(2xu(x - 9) — X2, )(—1) (2, (x - 9) — x%9y) — (—i(2xu(x - 9) — ¥29))(—)(2x, (x - 9) — x2)
= —i(4x, X, 0% (X0 (x - 9)) = 20 X" Do XV X 1)) D) — 2x2(9# (xyx%3y)
= 4x,x0” (xux°9e) — 22,79y, (xZB},) —x20, (2xux"9a)
= 20,220, — 2x,x%0y, — 2x%xy (x - 9)0y — 222x, 9y — 2220, (x - D)

+ 22, %20, + 2x,2320), + 2223, (x - 9)9y + 27,0y + 2x%x, (¥ - D)y = 0

[Pu Py = =i0u(=idy) = (=idy)(=idy) = =9, 0] = 0

[D,D] =0



We further have the well known commutator of the angular momentum generators given by
[LW'LW = i(pvpLyo + MuoLvp = MupLvs = MvoLyp)-
In summary we have the following commutation relations
[D,P,] =iP,,
[D, K, ] = -iK,,
[Ku, Pu] = 2i(D = L),
[Ko L | = 20100K = oKy,
[P, L] = 200puPy = P,
[LHV'L/’U] = i(vpLyo + MyoLvp = MupLve = MvoLyp)s
[Py, P = [Ku ko] = [D, D] = 0.

Considering the number of different generators and keeping in mind that L, is anti symmetric we get the

dimension of the conformal algebra N =d + 1 + @ +d= W. We now can define a generator

1 1
]yv = L;w/ J-0=D, ]—1,;1 = E(pp - K[.l)/ ]O,p = E(pp + Ky)/ Jon = =Jum
which combines the commutation relations into one equation. Let m,n,7,5 € { =1,0, ..., (d — 1) }, we claim that

Umm]rs] = i(’]ms]ﬂr + nmfms - qmrjns - 7]715]mr)~ (10)

Here 1 is the metric of R¥*!. To summarize, we found that the conformal algebra is isomorphic to so(d + 1, 1).

We see that eq. (10) holds for m, n = 1, v since this is just the commutation relation of the angular momentum.
For [J-10,J-10] = [D,D] = 0 we again have trivial commutation relations. We see that P, = J-1,u + Jou and
Ky = Jou — J-1,- Further the asymmetry condition of ] implies that the diagonal elements vanish. Using these
relations, one can calculate the commutation relations and show that eq. (10) is really equivalent to the conformal
algebra.

[D,Py] = [J-10, T2 + Jou]
= []—1,0,]—1,,4] + []—1,0,10,,4]
=i(n-10J0-1 + Mo-1J-1,4 = N-1,-1Jou — NouJ-1,-1)
+i(MooJ-1,4 + M-1,4J00 = N-10Jou = M0,uJ-1,0)
=i(Jou + J-1u) = iPy

[D, K] = [0, o = 1]
= [f—l,o,fo,,l] - []—1,0,1-1%]
=i(10,0/-1u + N-1,4J0,0 = M-1,0J0,u = No,uS-1,0)
—i(n-10J0-1 + M0-1J-1,4 = N-1,-1J0,u — NouJ-1,-1)
=i(J-1p = Jou) = —iKy

[Kis Po] = [Jou = Tt Tt + o]

= []O,yrj—l,v] + []O,yr]O,v] - []—1,y/]—l,v] - []—1,,u/]0,1']

=i(oyJu-1 + Mu-1Joy = No-1Juy = MuyJo-1)
+i(Moy o + MuoJoy = 1M0,0Juy = NurJoo)
— i1 o + Np-1J-10 = N-1,-1Juy = MuyJ-1,-1)
—i(M-10Ju0 *+ MuoJ-10 = 1-10]uv = MurJ-10)

= i1y D = 0up(=D) = Jupy = Jup)

= 2i(nuD — L)



(Ko L] = [Josp = T-1.00 s
= o Jus| = [J-100 v
=i(MoySou + NMpul-v = Mooy = NpaJou)
= i-1)pu + Mot -1y = N-1,u)pr = NppT-1,0)
= i(MpuUoy = J-10) = Moo = J-1,4))
=2i(npuKy = 1pvKy)

[Po L] = [Jop + T-100 s
= [Jope Jus | + [J-1.00 s
=i(oyJpu + Nopt-v = Noutpy — NpvJou)
+i(-10lpu + N1 = M=) pw = Npw]-10)
=iMpuloy + J-10) = MprJou = J-1,0))
= 2i(Np,uPv = NprPy)

[P;;,Pv] = []o,p +J-1,u Joy + ]—1,11]
=iy S0 + NuoJoy = M0,0Juy = NuvJoo)
+i(MoyJu-1 + Nu~1Joy = M0,~1Juy — NupJo,-1)
+i(M-10J w0 + NwoJ-1v = N-1,0]uy = NurJ-1,0)
+i(M-10]u-1 + Np-1]-10 = 11,1 Ty = My J-1,-1)
=i(=10,0Juv = MurUJo-1 + J-1,0) = 1-1,-1]uv)
=0

(Ko Ko] = [Jou = F-tge Jow = J-1]
=i []O,p/ ]O,v] + []—1,;4/ ]—1,1/] - []—1,;1/ ]U/V:I - []0,,1/ ]—1,v:|
= *7]0,01}1,1/ - 7]—1/—1]}1,1/ + mt,v]—l,l) + 7];4,\/]0,—1
= =00 + N-1,-1)]uy
=0
This isomorphism is the key idea of the so called embedding space formalism. Here one uses an embedding and
defines actions in R"*! instead of R%.
1.2.3 Conformal Representation for d>2

To build the representation theory for the conformal group, we use what we already know from the Poincaré
representation. Let 1(0) be a irreducible representation of the rotation group SO(d). This means we have

Ly (0) = (Sp)p(0).
To find the action of L at an arbitrary point on the space we have to use the Campbell-Baker-Hausdorff formula
to get
Luw(x) = Ly exp(ix - P)
= exp(ix - P)(exp(—ix - P)Lyvexp(ix - P))y(0)
= exp(ix - P)(myy + Su)Y(0)
= (M + Spw)P(x).

Because we have a scale invariant theory, we are tempted to diagonalize the scaling operator D. This means we
have a real value / such that

Dy(0) = il(0).



This can be further justified as we assume to work in an irreducible representation of the Pioncaré algebra. By
Schur’s Lemma and because D commutes with L,,, D must be a multiple of the identity. We can now do the
same steps as for the Poincaré transformation to get Dy(x).

Dy(x) = D"y 0)
— eix»P(e—ix-PDeix-P)w(o)
=¢*P(D - [ix- P,D])
= hp(x) — 1ie™x - Py(0)
=(h+x-9)P(x)
If we now include the SCT in our algebra, we can find a lowering and raising operator with respect to D.
DK,(0) = ([D, K, + KuD) $:(0) = (=i + ih)K,1(0)
Looking at the same equation with P, we find a raising operator.
DP,(0) = ([D, Pu] + Pu) $:(0) = (i + il)P,1p(0)

If we have a way to claim that the eigenvalues of the dilation are bounded from below, we would have a complete
description of the representation theory of Con f(RP7) in d>2. We will later see that the two point correlators have
the form

C
({W1(0)P2(y) = m

Therefore, we expect the eigenvalues to be positive in order to avoid correlations that grow over distance. This
argument gives the lower bound we need. In summary we have a full description of the representations similar
to the case of [ M(N). To complete the discussion, we should derive how K, acts on fields besides its lowering
action. Taking a look at the algebra we see that [D, K,‘] = —iKy. As D is diagonal, K, = 0 at the origin. To find the
action for an arbitrary point we again use the Baker Cambell Hausdorff formula to find

. ; 1
PR = Ky o+ i [Py Ky | = 52 [Py, [P, K|
=Ky, + 2" (D = L) + X"xP 1, Py — X" xP (02 (pu Py = 1pwPy)
=2x,D = 2x" Ly, + 2x,xD — x*P,,

If a field transforms in the lowest weight state of D we call it a primary field, while, if it transforms in one of the
higher weight states, we call it a descendant. We will encounter these terms again in the two dimensional case.

This closes the discussion for the higher dimensional case. We have seen that the representations of Con f (IR*7)
can be built in a similar fashion to the representations of SU(2) and that the group itself consists out of 4 classes
of transformations and furthermore has the Poincaré algebra as a subalgebra.

1.3 Classification of Conformal Maps in d=2

We again start with an infinitesimal local transformation. In the previous part we found eq. (4) which in the two
dimensional case is

duey +dvey = (9 )N

Plugging in u, v € 1,2 with an Euclidean metric we find the conditions for the two dimensional case.
ey +dre1 =0,
€1+ d1€1 = dr€1 + .

If we consider €1, €5 as two parts of a complex function, these equations are the well known Cauchy-Riemann
equations which characterize the holomorphic functions. Since we work on a two dimensional space, its pretty
appealing to introduce a complexified version of all the equations, because then we have a simple classification
for conformal transformations, just the holomorphic functions.

. . . 1 .
z=2+ix!, z=x"-ix!, e=&"+ie!, 32:5(90—131)

Under these circumstances any holomorphic function ¢ gives rise to a local conformal transformation f(z) =
z + €(z). Under such a tranformation we have

of of
2 _ = =
ds® = dzdz — 32 5 dzdz.

ﬂz
Jz

This means that the conformal factor is given by



1.3.1 Conformal Algebra in d=2

To determine the algebra in the two dimensional case, we use the Laurent expansion for holomorphic functions.
So we can write

Z =z+ Z en(=zN).
Z

Here the sign is a convention. In order to find the generators, we use this transformation on a field ® and expand
it up to the first order.

D(2') = D(z — £,2"1) = D(2) + 0, D(2) - (2 — 2) = D(2) — €,2""1 9, D
This implies that the generators are given by
£, = —2"19,
Calculating the commutators to determine the algebra we find
[€m, €n] = 2" 9, (x"10,) — 219, (z" 1 ;) = (n + 12" 19, — (m + 1)2"""19, = (m — n)Cyn- (11)

This algebra is is called the Witt algebra.

But we also could use the anti holomorphic transformation z - z + Y. —£,2"*1. This results in the same
algebra where we just put a bar over everything. We further treat z and z as independent variables, so [}, ln] =0.
This shows that the conformal algebra in two dimensions is the direct sum of two copies of the Witt algebra.

conf(R?) = Witt & Witt

Here we take a short break to understand what we just observed. Since the Laurent expansion has infinitely
many terms, we have infinitely many generators. Accordingly our algebra is infinitely dimensional. Using
Noethers theorem we have infinitely many conserved quantities, allowing us to reduce the degrees of freedom
to zero and therefore solving problems exactly. This is what makes the two dimensional conformal field theory
50 appealing and special. But may the requirements for such a system be so demanding that we won’t find any
non trivial systems obeying a conformal symmetry? It turns out, as we will see later, that we can build conformal
invariant non trivial systems. especially String Theory will supply us with many examples of invariant systems.
Therefore the requirements are not too constraining.

We just built up the infinitesimal algebra {¢,} on C ~ R?, but are now interested in what transformations
can be integrated into globally defined transformations. We already see that most of them can’t be integrated,
since they are not defined everywhere. Especially at z = 0 we have some ambiguities. Trying to fix this problem,
we compactify C resulting in the so called Riemann sphere C U {co}. But even now, almost all generators are not
well defined in some region, either at z — 0 or z — co. If we want the generator to be defined globally we require
them to be non singular in those regions.

e Forz — 0 we need to make sure that the prefactor z"*! does not diverge.

6=-2""19, = n>-1

e For z — oo we make a change of variable z = —1 and study w — 0. Under this transformation we get
by = —(—w) ™19y,

1
by = —(—;)”-137‘, = n<l

So we see that only the three generators £_1, £y, ; are well defined globally and therefore have a chance to get
integrated up to a global transformation. We further need to check if those three generators form an subalgebra,
otherwise there is no group that could represent the global transformations. Making use of the commutations
relations eq. (11) we find

[6o, &1] = =01, [0, €] = €, [61,€-1] = 26o.

So they indeed form a subalgebra. We could ask why we only found three generators instead of the 4 we found
in higher dimensions. If we recall, we arrived at four generators in higher dimensions since we could split up
the linear term in our Ansatz into two different transformations, one asymmetrical and one symmetrical. The
same happens in two dimensions, where one generator will actually split up into two.

If we now want to find the conformal group, we need to find the finite transformations to which these
generators belong. This has the side effect that we further gain some intuition for these generators.



o Looking at the definition of ¢; this is just —d.. From the previous section we know that this belongs to
the finite translation z - z +a.

o The second generator is given by £y = —zd.. We claim that this generates tranformations of the form
z > az where a € C. If this is the case, we have the previous mentioned splitting into two actions. To see
this one writes z in polar coordinates. We now see £y = — % 1oy + %3@ This shows that the radial part of a
acts as a dilation while the angular parts end up rotating the phase of z. We therefore end up with two
transformations just as in the higher dimensional case.

e For the last operator £; we hope to find the SCT to have a correspondence between two and higher
dimensions. If we expand the SCT we find

z

> —— ~z—+ PP =z - =z —cliz
cz+1

and therefore we really have found the two dimensional version of the SCT in the subalgebra.

In summary, we found an infinite dimensional algebra of infinitesimal conformal transformations and a smaller
finite subalgebra. This finite subalgebra can be integrated to form the globally defined finite conformal trans-
formations. We have seen that the two dimensional case is not so different from the higher dimensional case if
we only look at globally defined transformations. If we work with local transformations on the other hand, the
situation changes completely because of the size of the algebra.

1.4 Virasoro Algebra

Since we want to look at unitary protective representations, we should determine the so called second cohomology
group H2(Witt) ~ Witt ® C, as we know gives a characterization of these representations. Lets denote g = Witt
and § = Witt @ C. The cohomology commutation relations are given by

[% 0l =[x ylg +cp(x,y), [Fzly=[zwlg=0 V¥ je§xyegzweC,

where p(x, y) is a bilinear c-valued function. Let the extension of £, be given by L,. We now want to find the
function p. For this we first write down the commutator and then try to find restrictions.

[Lin, Ln] = (m = 1) Lyen + CP(mr n)

We know that the commutator, as it is a Lie bracket is anti symmetric. Because the first term is antisymmetric,
we need that p(m, n) = —p(n, m). Using a redefinition of the generators we can achieve that p(n,0) = p(1,-1) = 0.
We firstly redefine

N cp(n,0 N cep(1,-1
L,,:Ln%fornio LO:L0+p(T)

and now plug these into the commutator.
(Lu, Lo] = [Lu, Lol + [Lu, cp(1, =1)/2] + [cp(n, 0)/m, Lo] + [ep(n, 0)/n, cp(1, =1)] + cp(n, 0) = nLy, + cp(n, 0) = L,
[L1, L] =2Lo +¢p(1,-1) = 2o

Due to this redefinition p(1,-1)=p(n,0)=0 for the new generators. Lets now omit the hats and write L, for the
redefined generator. Since we have a commutator it also needs to fulfill the Jacobi identity. We can use that to
show that p(n, m) o 8y, —.

0 = [[Lm, L], Lol + [[Ln, Lo], L] + [[Lo, L], Ly]
= (m — n)cp(m + n,0) + ncp(n, m) — mcp(m, n)

= (m + n)cp(n, m).

This shows, that if we are not in the trivial representation (c=0) we have p(n,m)=0if m # —n. We can use a further
Jacobi identity to find a recursion relation for p(n, m).

0= [[L—n+1/ Ln]L—ll + [[Lvu L—l]L—n+1] + [[L—l/L—le]/ Ln]
=(=2n+cp(1,-1)+ (n+ Nep(n — 1, -n + 1) + (n — 2)cp(—n, n)

Since the first term vanishes after our redefinition, we find the simple form

n

+;p(n71,—n+1).

pln, =)= ——

10



If we repeat this until we hit p(2,-2) we find

n+l n n+1)! 1
pln,—n) = -— (+ D)

n+1
T3 PR = a2 = ( 3 )p(z, -2).
It is convention to normalize p(2, —2) to 3. The reason is to get a better expression in the simplest CFT, the free
boson. With this normalization we find

1
p(n,—n) = E(n +1)(n—-1).
In summary we now have found the so called Virasoro algebra with the central charge ¢ given by

(L, L) = (1= )Ly + 5 (" = )00 1)
This exact same procedure can be done with the second copy of Witt algebra.

One may now ask what happened to our understanding of the global generators after the redefinition.
Since we know that a finite dimensional algebra does not allow a central extension, we would expect that the
cohomology group restricted to those generators vanishes. And indeed, when we redefined the generators, the
effect was that p(n,0) = p(1,—1) = 0. Therefore the new generators have the same commutation relation as the
old ones, without any extension. Therefore they still generate the rotations, dilation, translations and the SCT.

2 Fields and Observables

In the previous chapter we looked at the mathematical structure under which we expect a theory to be symmetric,
but we did not mention any details of how such a theory will look like. This is done in the following paragraphs.
We will concentrate on the two dimensional case, since a full coverage would surpass the scope of this report
and the two dimensional case looks most promising because of its algebra.

We work on the Euclidean two dimensional space R? ~ C with the standard identification z = x° + ix! and
z = 20 — ix! where we interpret them again as independent. Since we want to have a field theory, we work with
fields defined originally on R? as (x?, x!). After our complexification we have ¢(z,z). We now introduce some
terminology for the further discussion.

Definition. Let ¢(z,Z) be a field in a CFT.
o Fields depending only on z are called chiral fields: ¢(z,Z) = ¢(z)
o Fields depending only on Z are called anti-chiral fields: ¢(z,Z) = ¢(2)
o A field transforming under dilation as ¢’ (z,2) = A"A"(Az, Az) has conformal dimension (h, h).

o A field transforming under local conformal transformations z’ = f(z) according to

Iy (af\ .
¥ = (a—ﬁ) (7];) #(f@), f)
is called primary field.

o A field that only transforms under global transformations as a primary field is called quasi primary.
o Fields that have a different transformation property are called secondary fields or descendants.

Before we go ahead and look at the quantization we first have to find the infinitesimal transformations of
the fields. We need this result later to proof the so called Conformal Ward Identity.

Let ¢(z,Z) be a primary field and f(z) = z + £(z) a local conformal transformation. We develop both of the
derivatives and the new field up to first order of ¢.

I\ Pra\ i i

(a—);) =(1+0.6)" ~1+hd,e, (8—];) =(1+0:8)" ~1+hdse
Pz+e(2),2) ~ p2) + £(2)9:0(2,2)  @(z2+E(@2)) = 9() + E(2)9:9(z,2)

Putting all of this together, we find the local transformation of our fields:

8P = ¢'(2,2) — 9(z,2) = (hdz¢€ + €0, + hds€ + £05)(z, Z). (13)
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3 Quantization & Radial Ordering

After we studied the primary objects of our theory, we want to quantize this theory. We again work in a two
dimensional Euclidean space. As the arbitrary time direction we choose x°. We compactify the space direction
x!. The reason will be obvious later on. For this we use a circle of radius 1. This means for z = x* + ix! we
have z = z + 2mi. We end up with a cylinder, where the time coordinate is along the cylinder axis and the space
component is around the cylinder. Mapping this back to a complex space we can use our previous work, which
was all done on C. Such a mapping can be achieved by the coordinate transform w = exp(z) = exp(xo) - exp(ix).
Under this transformation the time variable describes the radius of a circle, while the space coordinate is given
by an angle in polar coordinates. The notion of time is now equivalent to the notion of radius. This will be used
later when we define the time ordering, which in this context could just be called the radial ordering.

= ./t
] — N
R &

—>=! o

v

Figure 3: Visual representation of the idea of radial ordering. x° is the time which is translated in to the radius.

Former time translations are now mapped to complex dilation and space translations to rotations. Since we
showed that the central extension for Ly and Ly vanishes, we can conclude that the time translation generator, or
in Quantum Mechanics the Hamiltonian can be written as the dilation operator, given as

H=L0+i0.

3.1 Quantization

We consider a primary field of dimensions (k). Since we expect it to be holomorph we can perform a Laurent
expansion around the origin.

P2 =Y T g,

nmez

This can be understood as the equivalent procedure as the quantization using Fourier modes in the normal QFT.
In this spirit we now promote the Laurent modes to operators. Using our previous coordinate change, the origin
corresponds to it = x” = —co. Therefore we can also define the in-states

lp) = Zlgr_r}oqv(z, )0y

This is again analoge to our procedure in the QFT course. However, similar to the singularity problems in the
Witt algebra we need to make sure that the action of the operators in the expansion of ¢(z, ) are non singular at
z = 0. With the exact same calculation as for the Witt algebra we require that

Puil0) =0 n>—h, m>-h
Since all the prefactors 27" yanish for z — 0, n < h we can summarize the in states as
lp) = ¢_j,-510).

We need to find the hermitian conjugate field ¢*. Since we work with an euclidean metric our time
coordinate x° is purely imaginary. Therefore, complex conjugation acts as x’ — —x” on this coordinate. In
summary, assuming z = exp(x” +ix!) the hermitian conjugate maps z to 1/z. Having this transformation property
of z in mind, we are motivated to define

(p*(z,Z) = Z’th’ﬂ’(p(1 1)

—
zZ z
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To find the relation between the daggered components and the original fields, we perform the Laurent expansion
of pt.

t(, 5\ — 5—2h—2h st+h,i+h _ sn—h_ii—h
) (z,2)=2"z Z 20720 Pnn = Z zZ0 720 T QPum-

n,mez nmez

But this is the Laurent expansion with shifted indices. Therefore comparing it to the expansion of the first field
we find

o
Prn = P-n-m-

Following the procedure from QFT we define the out states as the daggered in-states. This results in the out state
given by

(ol =<0l @y, -

3.2 Energy Momentum Tensor

Let’s make a short excursion back to a classical CFT. Due to the result of Noether’s Theorem we know that any
system with a conformal symmetry x* + x* + ¢ has an associated conserved current j, + Tyy¢". This tensor is
called the energy momentum tensor and is conserved for any conformal mapping ¢. We can show that it must
be traceless for a classical conformal theory.

1

FLRCRD)

. , 1 , 1 , 2
0= a'u].u = (a”Tﬂv)Ev + T}lvayEl =0+ ET}H-(‘;“EV +d%el) = ETM\'TIW @- E)E =
Since this holds for any (conformal) transformation, we can deduce that the trace of T, vanishes. Being focused
on two Euclidean dimensions, we want to understand how the energy momentum tensor behaves in this case.
We make the change of coordinates as before. Using ¥ = %(z +z)and x! = %(Z — Z) with the standard tensor
AR

transformation property Ty, = ;)7 5w Tap, we find the new transformed quantity

1 . 1 .
T = Z(TUO —=2iTyo—Tn1 = E(Too —iT1o)
1 . 1 .
Tz = Z(Too +2iTy = Tn1) = E(Too +iTyp)
Tz=T:.=T, =0

where we used the tracelessness which implies Top = —T1;. We finally can show that the two non-trivial
components can be lifted to a chiral and an anti chiral field. For this we calculate the derivative of T., with respect
to Z and of T;; with respect to z. Using the tracelessness of T as well as the symmetry T,,, = T\, we end up with

1 a1 . 1 . .
9;T.z = 5(30 + 131)§(T00 —iT) = Z(aoToo +01T1o +191 Too — idoT10) = 0,

1 a1 . 1 . .
0:Tz = 5(90 - lal)E(Too +iTyo) = Z(aoToo +01T1p =101 Too +id1Too) = 0.
This shows us that T.. only depends on z, while T;: is solely a function of Z. But this is just the definition of a
chiral or an anti chiral field respectively. We therefore showed that the lifted field belonging to T.. = T(z) is a
chiral field, and Tz: = T(Z) is anti chiral.

3.3 Operator Product Expansion

After the discussion of the energy momentum tensor we want to look at the conserved charges connected to
it. We know that our conserved current j gives rise to an conserved charge Q = f dx'jo for any fixed time
x0. Since this conserved charge is associated to the conformal transformation, it is the generator for symmetry
transformations. For any operator A we have therefore 6A = [Q, A], where we need to evaluate both at the same
time. Since x° = const implies |z| = const, the integral over space turns into an integral over a contour C with
radius |z|]. As we have many tools to handle these contour integrals we now justify the choice of cylindrical
coordinates. As standard in mathematics and physics, we adopt the convention that the contour integral f dz is
counter clockwise. Because Tog = T(z) + T(2), the easiest (and therefore hopefully correct) generalization of the
conserved charge in these coordinates is

Q= é 9§ (dz T(2)e(2) + dz T(2)&(2)).
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Figure 4: Visualization of the deformation of the integral.

The normalization constant in front of the integral is a convention to get rid of later factors that come in, due to
the application of the residue theorem.

In eq. (13) we calculated manually how a field transforms under a conformal transformation. We now have
an easier, more straight forward approach using the conserved charge.

Oeep(w, @) = ﬁ \quz[T(z)s(z),(p(w, )] + ﬁ \qui[]_"(i)s'(i),(p(w, w)].

Before we can compare the two results, we need to differentiate between the case where w and @ are in- or outside
of the contour. This reflects, as mentioned before, the time ordering. Therefore we define the time, or in this case
the radial ordering for two operators A and B as

A(z)B(w) if |z| > |w]|

R =
(A@Bw) {B(w)A(z) if [w| > |z|

To make sense, the integral of the commutator needs to be interpreted as

ﬁdz [A(z), B(w)] = 9\5;\>\w| dz A(z)B(w) — % B(w)A(z),

lzl<lwl

Lets define the infinitesimal circular path around w as C(w). This can be seen in fig. 4.

= § R(A(z)B(w)).
C(w)
Applying this relation to the infinitesimal field transformation we find, if we suppress the anti chiral part,

bectpl,®) = 5 560(?”) dz R(TE)p(w, D)e(2).

As we shown in eq. (13), suppressing the anti chiral part we get
Oeep(w, @) = h(dwe(W))p(w, @) + (W) (duwp(w, @)).

We need to rewrite these expression into integrals. Here, the integralform of the Laurent expansion is used, since
it provides the tools to express the derivatives of an holomorphic function as an integral. Applied to this case we
have

&(z)

1
h(@we(w))p(w, @) = P ﬁ\( )dz h E— @(w, D) (14)
£(@) @, @) = ﬁ 92 o iz;aw(p(w, ) (15)

Finally we can compare the two results and can deduce

h 1
R(T(@)p(w, w)) = mqj(w/ ) + maw({)(w/ @) + fuon singular

(

where f can be any non singular function. The result is the so called Operator Product Expansion (OPE). That
allows to calculate the time ordered product of two operators as a sum of one operator and possibly its derivatives.
It further gives us the option to redefine what we understand under a primary field. We could just use the
OPE as the definition of a primary field. This means, every field that has the same OPE with respect to T or T(2)
is called a primary field.
From now on, we will suppress the notation of radial ordering and assume that every product of operators
is radial ordered or understood as the radial ordered product.

14



Example. As an exercise to better understand the OPE, we will calculate the OPE of the energy momentum tensor with
itself. This will show that it is not a primary field and is the first instance where we see the central charge popping up. As a
starting point we perform a Laurent expansion of the energy momentum tensor. We will shift the indices by 2. The reason
for this can be seen in the subsequent calculations.

Q=Y =g faz T

nez

Lets choose the conformal transformation &(z) = —e,z"*1. We now want to calculate the conserved charge of this transfor-
mation.

1 &n —
Qn=7— Sgdz —T@)en2™! = - L édztmz" Ml = —epty
2mi 2mi mZez

This shows that the Laurent modes of the energy momentum tensor are the generators of the infinitesimal conformal
transformations which we noted before by Ly, which is the notation we use from now on again. This is to be expected
since the energy momentum tensor, as we already mentioned before is connected to the conserved current of the conformal
transformation. As shown before, these generators obey the Virasoro algebra. We can use this to determine the OPE.

0=[Lu, Li]- ((m = 1)Lysn + ﬁ(mS - m)ém,—n)

dz dw c .
- 5@ o o 5@@) S T (), Tw)] - (E(m3 )5y + 201+ Ve — (1 + 1+ 2)L,M)

2
= (i) % dw w"*! § dz 2" T(2) T(w)
2ni) Je Cw)

¢ 1
— (ﬁ(nﬁ — M)Om,—n + 2(m + 1)Lysp + 0 — 3 f,jw (m+n+ 2)T(w)w"’*”*1)

2
= (i) % dw w"*! § dz 2" T(2)T(w)
2ni) Jego) C(w)

—_ L i 3 _ m+n—1 m+n+1 m+1n+2 )
(Zni Sgdw (12 (m®> — m)w +2(m + 1w T(w) + w I T(w)

132
= (*) f dw w"*! § dz 2" T(2)T(w)
i) Jego) C(w)

_ L n+1 ( _ m-2__ C
i Sgdw W (m + )ym(m — 1w

2:-2-3

+2(m + 1)w" T(w) + w"'“awT(w))

2
= (L) dw w"t! dz 2" T(2) T(w)
2mi C(0) C(w)

_ L 1n+1 L § m+1 c/2 2T (w) 9o T(w)
Zm,%dww 2mi dzz (sz)‘lJr(z—w)ZJr z—w

In summary we find the OPE of the energy momentum tensor.

¢/2 20(w) |, 9uT(w)

TE@Tw) = (z—w)* * z-wp} z-w

+ fnun singular

We see that it has an extra term in its expansion which is proportional to the central charge c. Therefore, for a non trivial ¢
T is not a primary field.

Example. If one performs the same calculation as in the previous example, using a primary field, one finds that

[Lin, @u] = ((h = D)m = 1)y (16)

3.4 Two and Three Point Correlators

The goal of any quantum field theory is to derive the correlation functions. The restriction of conformal field
theories are strong enough to derive the first two correlators directly. Let’s look at the two point correlator

8z w) = (p1@p2(w))
e Translation invariance: can only depend on the difference between the coordinates g(z, w) = g(z — w)

d1p
w1+

e Rescaling implies A"1*"2 g(A(z—w)) = g(z—w). Therefore we can directly deduce that g(z—w) =

15



e For the SCT we need a more detailed calculation, since its not trivial to see how g should behave

22111 wzhz (,Z—l +wl )hl+h2

(r@pa() = ( = a2 pat- ) =

For this to be invariant we need that hi; = hy.
As a summary we found that all the two point correlators of quasi primary chiral fields can be written as

dijOn b
(Z _ w)zhi

(pi(2)pjw)) = (17)

Example. Lets use the OPE to determine correlator between the energy momentum tensors.

/2 AT@) | ©GuT@)) _ _c/2

T@Tw) = z-w)  (z-w)? z-—w  (z-w)

Here we used the fact that the exception value (T(w)) vanishes. We see that even the non primary field T obeys the above

mentioned rule.

For the three point correlator we still are able to pin down the exact form. Let (@1 (z1)p2(22)@3(23)) = g(z12, 223, 213)
e Transnational invarance dictates that z;; = z; — z;.

Ci23
b ¢
%3713

o Rescaling again leads to g(z12, 223, 213) =

with the constraint thata + b + ¢ = hy + hy + hs.

o For the SCT we can again perform the same procedure and find the constraintsa = hy+hy~h3, b = hy+hz—h;
andc = +]13 - hy.

So we have seen that

Cis
(P1(z)p2(22)93(23)) = Ty iy Tty iy +hiz—y iy 43—y ©
212 23 213

For higher correlators, there are several possible correlation functions. But we can fix the overall structure in the
form of the arguments. We know that they need to be invariant under conformal transformations. Therefore, we
develop general functions I'(x;) that are invariant under all types of conformal transformations. Due to rotations
and translations they can again only depend on |x; — x;j|. Scaling-invarance implies that only ratios are allowed
in T. Having seen how the norm changes under a SCT, we know that

i = xjl

Ja=2f %+ P -2f - x; )

’ o
|x,' _xl'l =

Therefore only cross ratios can form invariant coordinates.
Example. For four points the only possible coordinates for a invariant function are

|1 = xoflxs — x4
[x1 = x3llx2 — x4

1 = xollxs — x4
2 — x3ller — x4l

By the same arguments as before we find that the four point correlator has the form of

1
— f(u,v).
Iy — x2[?|xy — x3[2" Sl

The more detailed form of the four point correlator needs far more work. For example, it turns out that f(u,v) can’t be any
function of u and v but has certain restrictions. For example crossing symmetry leads to

(g)h F,0) = Fo,u).

We won't develop the four point correlator any further, the full derivation is shown in [3].
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3.5 Ward Identities

The Ward identities are connected to the symmetry of the action. We first derive them in a general QFT context
and then we investigate how they can be formulated in a CFT. Let’s write a general infinitesimal transformation
as @' (x) = O(x) — iw,G,P(x) where w, is a collection of infinitesimal parameters. We assume that the action is
invariant under such a transformation, as long as the parameters are constant. We now use the path integral
formalism and interpret the parameters not as constants but as functions on the space. The action is not invariant
anymore and we can perform a change of variables to @’ in the path integral. Let X = ®(xq)---®(x,). If we
assume that the functional integration measure stays invariant and develop the path integral up to the first order

in w, we find
Xy = % f 40 (X + 6%) exp{ —(S[®] + f dxd, ]f;a),,(x))},

where 6X are all the first order terms of the form ®(x1) - - - O(x;)(iwa(x)G,P(x}+1)) - - - P(xy). The zero order terms
match and therefore we end up with the following expression:

(5X) = f A3, ()X )a0n ()

This can be easily rewritten if we introduce a delta function as
n
Ay D) -+ Blxy)) = —i Z O(x = (D (x1) - - GeD(x;)) - - D(xn))
=1

We actually could use this as a quantization procedure using path integrals. But we decided to use the Laurent
expansion for the quantization instead, since it is still possible for simple CFTs. We now can apply this to the two
dimensional case. Let ¢ be primary.

d
< 56 T;E(Z)T(Z)%(wl,wl) e Qu(an, w,,)>

=) {orcron - [ ¢ = e(z)T(z)qu(w,-w») - ulen, )
i=1 w;
= Z <§01 (w1, 1)+ (nde(ew) + e()du, ) Pi(wi, @) - Pulav, m))

i=1

If we use eq. (14), we find

0= 56%5(2)

Since this must hold for all holomorphic ¢(z), the integrand has to vanish. This leads us to the so called Ward

<T(z)<P1 (w1, @1) -+~ Pu(wn, w”)> N i (( s

S\ - w)?

1
+ maw,) <(PT (w1, @1) -+ (Pn(wnr ZZ)n>:|

identity for conformal field theory

<T(z)(p1(wl,w1) By (w,,,w,,)> = i (L + Z%M&wi) <([)1 (wy, @)~ .(p,,(w”,w,,)> (18)

\-w)

3.6 General OPE

We can use the form of the two and three point function as a motivation to determine the general form of the
product of two quasi primary field. We make the Ansatz

1
& ik 1

A ——"— L W (1))
T (= )P Pi(w)

Pi@pj@ =Y. C

kn=0

What is the exact reason behind this Ansatz? As we know from the previous examples, due to the scaling
behavior under dilation we need that the denominator is of form (z — w). Further we have chosen two different
variables, where C encodes information about the used fields and a about the derivative. Let’s use this Ansatz
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together with the two point correlation function.

ﬂ?. o 1 0
(@@ )pu0) = Y, ¢~ LZelec)

ij ! Jij+hi—hy—n
o -1

_ Z 111 <a"(ﬂl wk(0)>lz 1

ii 1
o ™ iy
Z i ,1 1 o (d1k5h1,rzk )
- i pl hj+hj=hy—n "2 20
1Ln=0 " 1)1 ! z7% z=1
i I 1 . 2h+n—1
= Z ij n/I 1y (_1)""!bhkrhz( ’ n
= (z— i
SV 2hk +n-1 (=1
=Y Cldual, RPN
120 (z-1)

However this should be of the same form as the three point correlator. Using this, we can conclude

2 +n—1 1)" Cijk
ZC dlkun]k( ‘ ) cy = .

1120 n _aytthT T gy i :
Multiplying both sides with (z — 1)” il e find
2y +n—1 Cii
Z c dlkﬂ,,,k( R )(—1)"(2 -1 = %
1n=0 n 1 +z-1)"7"%

We can use the full Taylor expansion

1 afm+n—=1\ .
T+ Z;ﬁ‘”( n )x

to connect the individual coefficients. Let x = z — 1. Now, comparing coefficients we find

n (th+}’l—1)71 (hk+h,-—hf+n—1
al, = .

-
ik " ) + Cijg=Cjj - die (19)

n

This gives the complete OPE for two chiral primary fields.

While discussing the OPE of the energy momentum tensor we have seen that the OPE is closely connected
to the commutator. We can perform the same calcualtion as we did with the energy momentum tensor using the
expression

pi(z) = Z Pmpz "

m
to find the commutation relation

m+hi—1
[Py, Pu)] = ZA: C@P‘/k(m,n)wmm,(k) + dijém,fn( o i 1 )

where we have

pij(m, n) = Z Ci{f(_m +rhi N 1) : (_n +Shj N 1) (20)
r,seZ+
x]k r (2hy —
K= (-1 OESE _2)’H(2h—2—r—t)l_[(2h —2-s—u) (1)

This calculation is very long and therefore not written here. The idea is the same as in the proof of the OPE of the
energy momentum tensor. The first step is to use the expansion of the fields and then assume eq. (20). Write the
commutator in an integral just as we did with the energy momentum tensor and use the assumption. Performing
a few algebraic steps one recovers the OPE conditions eq. (19). This now can be rewritten as a formal proof of
eq. (20) without assuming the result but just assume what we already have proven in eq. (19).

So we calculated the commutators for conformal quasi primary fields. But as mentioned before, there are
many fields that are not quasi primary. Therefore, we have not specified the commutations for all possible fields!
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Example. Let's compute the norm of the state ¢_, ). Let's assume n > h. So we find
(19—, = <Ol iy P -1,y 10)
= <0|[(Pn,(i)/ (P—n,(i)]l0>

= C{ipiij("r =1){0l¢po,(;|0) + dn‘(

n+h,'—l
*d""( 2~ 1 )

n+h—-1
2h; -1

Now we can choose n = h and find that the norm of a state |) is given by the structure constant of the two point correlator,
<(P|(P> = d(p(p~

3.7 Current Algebras

A chiral field with conformal dimension of 1 is usually called a current. Those have a special algebra connected
to them, which is called the Ka¢-Moody algebra or current algebra. To determine it, we express the currents as a
Laurent expansion and assume that we have N such currents given in our theory. Using what we derived in the
section about the general OPE, we find

[j(i)mrj(j)n] = Z Cf]»mu(m,n)]'(k),mn +dijmou,—n- (22)
%

We can use the expression from the previous section for py11(m, ) to find that it equals to 1. Since the commutator
is antisymmetric, we conclude that the coefficients Cf are antisymmetric in the lower indices.

We now perform a rotation among the fields such that the matrix d;; is diagonal. If we rescale all the fields
by certain factors, we can achieve that the matrix d,fj oc 6;j. In this new basis we can denote the structure constants

as f' and are now able to write
[j'"' ]il] = Z fiﬂjirwn + kméijémﬁw
1
This algebra is usually called the Ka¢-Moody algebra.

3.8 Normal Ordering

In this part we will introduce the normal ordering of operators as we know it from QFT. For that we first need to
identify what we will consider as a creation and what as an annihilation operator. Remembering that ¢,, |0y = 0
if n > —h,m > —h, we can interpret these operators as annihilation operators. We have seen earlier that the
Hamiltonian can be expressed as H = Lo + Lo. Therefore we interpret the eigenvalues of Ly as the chiral energy.
We require Ly|0) = 0. For a chiral primary we can calculate

Lo@ul0) = [Lo, 90]10) = —n¢,|0)

Putting those two things together, we see that the chiral energy is bounded from below with the values
(h+m) for m > 0. Since we want our creation operators to create states with positive energy, we conclude that

¢@n where n>—h areannihilation operators,
¢@n where n<-h are creation operators.
We can do the exact same for the anti chiral sector using Ly. The normal ordering prescription is to put all

creation operators to the left. If we now look back to the OPE, the regular part naturally needs to be normal
ordered, and therefore we have

€= Ny

n!

47(2))\’(10) = fsingular + Z

n=0

where we use the operator A for the normal ordering. If we apply 7 f dz(z—w) ™! to both sides of the equations,
this takes out the n = 0 term on the RHS. We therefore get

&z @)

23
w 2T z-w @3

NGg)a) = 56;
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Performing a Laurent expansion of the LHS, the coefficients are given by

dw @ X
N/Y ":\é an+h +h 1NX w
(xp) D o 21 (xp)(w)

where we made the usual shift of the Laurent expansion
Ng)a) = Y @ N ep),.
z

If we now plug in the relation 23 we find

NP :ﬁ dﬂw»1+;z¢)+hx,1‘£ EM

() 27 w 2T z—w

= A i ( 56 dz p@x(w) 56 dz x(w)e(z)
| |

2mi 2] 2T Z—W c<lw) 2T Z—W

We now concentrate on the first term. For that we first express ¢ and x as a Laurent series. Using the geometric

. 11 .
series and — = T We find

Z)x(w )
95 E Pp)x(w) :95 E 1 Zzafw W gy
lsfel 27 Z =W el 270 2 — W 4=

dz P op1 o
— - erh plwshﬂaq)y)(s
el 2700 £t L=

Only the z7! term contributes, so we find a 6 function. This ses 7 = —h* — p. If we now take the outer integral
into account, we find that the first term is given by

dw Z Z I tprnh® 1K
Rt WS p+n+h? +h 71(p 1P —pXs-
i = -p s
2mi =5
Again only the w™! term contributes and we therefore have that the first term is given by
Z PrkXn—k-
k<—h?
If we perform the same calculation for the second term we finally find the expression for the Laurent modes of a

normal ordered product as

NGxg)s = Z Xn-kPr + Z PkXn-k- (24)

k>—h? k<—h?

4 The Free Boson

To find a non trivial example for a conformal field theory, we look at string theory. We will work out the central
charge of a free Boson. We won’t go into detail how to derive the world sheet action or the general energy
momentum tensor for such a theory, since this would need another project report. Here we will just state these
quantities as an assumption. Details can be found in [2].

4.1 Conformal Symmetry

We define a real massless scalar field X(x, x!) on a cylindrical euclidean space with the identification x! = x! + 2.
The euclidean world sheet action is given by

1
= — [ dxdx" ((DoX)* + (91X)?).
S= g [aad (@xp + @x?)
Why does this action lead to a conformal invariant theory? The short answer is that we lack any scale factor. The
long answer: It doesn’t. Or more precisely, it only does for a field with vanishing conformal dimension. We can
see this after we make a coordinate transform onto the complex plane using z = ¢’ ¢" . Under this transformation

the action now reads

S= Lfdde()XﬁX‘
4mie
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Let us now verify that for a field of vanishing conformal dimension (X’(x, z) = X(w, @)) the action stays invariant.
,_ 1 5. %y 5 i
S=— fdzdzr?zX (x,2) - 0:X'(z,2)

4nik
1 dz , 0z ,_ ow oW _
= Ie %dw%dw e I X(w, ) - EQZI,X(w, )

= € f dwdwd, X(w, @) - dg X (w, @)
4nk
=S.

Indeed, for a field X of conformal dimension (0,0) this action is conformal invariant. We now derive the equation
of motion for this action.

0="56xS
=L f dzdz (96X - IX + IX - IoX)
4
1 ~ _ i _ i -
=i f dzdz (96X - IX) = 6X - 39X + I(IX - 6X) — J9X - X))

1 - _
=5 f dzdz6 X (d9X)

Therefore the equation of motion is given by 09X(z,z) = 0. This shows that this theory has a chiral and an anti
chiral field.

j(z) =i0X(z,z) and  j(z) = i9X(z,2)

Let’s reconsider the derivation of the equation of motion. Here we already used these fields indirectly. The
interesting phenomena is that they are primary and we see that they have conformal dimension (1,0) and (0,1)
respectively. It turns out that the fields j are more useful than the original fields X, which will be even more
obvious after we calculated the correlators.

4.2 Correlator
Lets define K(z, Z, w®) = (X(z, 2)X(w, @){. We know that this correlator is also the propagator which has to satisfy
the equations of motion as a Greens function.
9,9:K = —21x6® (z — w)
From complex analysis we already know this equation and its solution as
K(z,z,w, @) = —«xlog (lz - wlz).

This equation seems rather odd for several reasons. First it shows that the field X is not quasi primary and
secondly the correlator increases with greater separation of the two coordinates. The chiral fields on the other
hand are primary fields and therefore the correlator should be of the previously found form eq. (17). To see that
this holds, we calculate

(9:X(2,2)0 X(w, @) = k-0, (log(z — w) + log(z ~ @) = —ﬁ.

In summary we found that the chiral fields indeed are primary. Doing the same calculation for j, one gets the
same correlator with barred coordinates. Therefore we have the normalization constant of the two point function
given as dj; = k. Since we only have one chiral current in our theory, the anti symmetry of the Laurent Modes in
eq. (22) imply that we have the commutator

[jnl:jn] = Kmbmwl,[)-

We now can derive the energy momentum tensor for this theory, where we use the fact that the energy momentum
tensor in String theory can be derived by differentiating the action with respect to the metric, we allow for a
further normalization constant y.

s
Vgl 05

Tap = 4y
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This results in
T, = ydXoX = yjj, T.:=Ts: =0, Tz = y9XoX.

Now we need to take the normal ordered product, which results in the expression
T@@) = yN(j)E)

The normalization constant which is still left can be fixed by our requirement that j(z) is primary with dimension
h = 1. We expand T(z) in Laurent modes which gives

Ly = yNGiw =7 Y jukde +7 Y, cfnk

k>-1 k<=1
where we used eq. (24). Calculating the following commutator will fix the constant y.
[Lmer] = }’[N(jj)rnrjrrl
=Y Z Gimk Lk jul + Ljm-rs jul ji) + ¥ Z Gk Umks jud + Uks ] jom-r)

k>-1 k<1

= _2'}/Knjm+n

If we compare that to eq. (16), we can conclude that 2yx = 1. As a result, we now know that the chiral part of the

energy momentum tensor is given by
TG) = 5-N()E)
=

4.3 Central Charge

We now have everything to finally determine the central charge of the free boson. To do so we use the generator
L.

(OlL2L-210) = (01 [Lz, L+=2110) =

Lets recall that the Laurent modes are just the Laurent coefficients for the energy momentum tensor, therefore
we have Ly = iN (jj)=2. Using this we rewrite

1
L5|0) = =—j_1j1l0
2[0) = 7 j-1j-110)
(OlL = 5-(0ljsj
2= 50 J1]1
Plugging this into the commutator we get

c

1 C.
5= §<0|]1]1]71]71|0>

w2 ({Olj1 j-1j1j-110) +Olj1 [f1, j-11j-1)

2oz (Ol a1 i 11100+ (01, -11109)

1 1
— 2= =
w2 T2

Therefore we find that the central charge for the free boson on a 2 dimensional worldsheet is given by ¢ = 1.
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5 Other Conformal Field Theories

We have seen that conformal invariance implies strong constraints, so strong that we can actually write out many
of the generators just by the knowledge that the theory is conformal invariant. We also have seen that a certain
simple string theory can be formulated as a conformal field theory. But why should we study a theory that only
applies to very trivial theories? It turns out that we are not restricted to only those. There are many non trivial
systems obeying a conformal symmetry.

e Statistical Mechanics

- Ising model on a hypercubic lattice near its critical point
- Critical Potts model as a generalization of the Ising model in various dimensions

- Critical O(N) models as generalization of the Potts model
e Theories build from generalized free fields (Mean Field Theories)
e Large N limit for the Yang - Mills Theories of type SU(N)
o String Theories
o Scale invariant theories (with certain restrictions, for example d=2)
- High energy effective theory (m = 0)

Further reasons to study this topic are results like the AdS/CFT correspondence. It is a duality between certain
string theories on an Anti-de-Sitter space which describe a possible formulation of a quantum gravity and certain
conformal field theories formulated on the boundary of this space. This serves as a possible stepping stone for a
unification of quantum gravity and particle physics. This duality is not yet fully proven.
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